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a b s t r a c t
A new method for decomposing of multiple solute transport equations, coupled by first-
order reactions, is developed. The approach is based on the semigroup theory and reduces
the multi-species problem to single-species equations with various initial and boundary
conditions. Analytical formulas are derived for all reactants. This new method overcomes
some of the limitations that were implicit in previously published algorithms. More ex-
actly, the derivation of closed formulas for a reaction chain with identical reaction rates is
possible. The proposed approach is flexible for solving one-, two- or three-dimensional ad-
vection–dispersion systems. The methodology is demonstrated on the reductive biodegra-
dation of chlorinated solvents, such as tetrachloroethene (PCE) and trichloroethene (TCE).
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Volatile organic compounds (VOCs) in water phase can be utilized and transformed into other chemicals by various
microorganisms in subsurface environments. The transformation of VOCs usually occurs as the result of complex biological
processes. Biological reactions play an important role in the transport of VOCs in groundwater systems since the processes
can convert toxic contaminants into less toxic substances.
A typical example of such a process is the anaerobic degradation of higher chlorinated ethenes PCE and TCE, which
represent major groundwater contaminants (Corapcioglu and Hossain [3], Tandoi et al. [4]). The pathway of degradation of
PCE can be expressed by the following scheme
PCE→ TCE→ DCE→ VC→ ETH,
where DCE is dichloroethene, VC is vinyl chloride and finally ETH is ethene.
Several researchers published analytical solutions to single-species transport problems, see e.g. [5–7]. The derivation of
analytical solutions tomulti-species ismuchmore complex. van Genuchten [8] applied the Laplace transform to derive four-
species transport problem. Lunn et al. [2] used the Fourier transform to a system of three species. Sun et al. [1] developed
a very nice decomposition method for decoupling a system of any number of reactive species coupled by sequential first-
order reactions. This can be applied only to the specieswith distinct reaction rates. The coupled partial differential equations
(PDEs) describing the transport problem are decomposed into independent auxiliary problems for each single species in the
reaction network. The solution of the original problem is afterwards obtained as a linear combination of temporary solutions.
The authors have used a matrix framework. More general problems with distinct retardation coefficients for species have
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been studied using Laplace transform in [9], which extends ideas from [10]. Limitations for a number of species has been
removed in [11,12]. Up until now, these papers presentmost general closed formulas for a linear chain system. Nevertheless,
there are still some unsolved problems. First, these results are restricted to one-dimensional. Second, these results do not
cover the situation, where the retardation coefficients are identical and some reaction rates coincide.
In this paper we develop a decomposition method without any temporary transformation. So, we derive the exact
formulas in the original concentrations. The method presented in this paper is based on a semigroup theory, which is
applicable to all dimensions. Moreover, this technique has a potential of possible extensions for distinct retardation factors
in more dimensions. The main result is formulated in Theorem 2, which says that the suggested method can also be applied
to a reaction network with not necessarily distinct reaction rates and the closed formula will depend on the derivation of
the semigroup with respect to the corresponding reaction rate. Let us note that this limit exists and it is finite. We recall
that formulas from the SVD method for distinct reaction rates (say k and k + ε, 0 < ε  1) have been widely used in
the literature as an approximation of closed formulas for identical reaction rates, but the variation ε cannot be taken small
otherwise the method is numerically instable.
For the sake of simplicity, we demonstrate the solution scheme on a one-dimensional problem. The proposed method is
compared with Sun et al. [13] on a data set from Lunn et al. [2].
2. Solution method
LetL be a differential operator defined by
Lc := −∇ · (D∇c)+ v · ∇c (1)
describing a convection-diffusion process in porousmedia. Here, c denotes the species concentration,D stands for a constant
hydrodynamic dispersion matrix and v is a constant flow vector.
The single-species transport in porous media is described by the mass balance equation
∂tc +Lc = f , (2)
where f is the reaction rate. Assuming the first-order kinetics we may write
f = −kc,
where k denotes the first-order reaction rate.
Eq. (2) can be extended to describe reactive transport of multiple species. Such a sequential reaction
c1 → c2 → . . . cn → . . .
can be modelled as
∂tc1 + (L+ k1)c1 = 0
∂tcn + (L+ kn)cn = yn−1kn−1cn−1, n ≥ 2, (3)
where yn denote the yield constants. We assume that there exists a positive minimal reaction rate k0, for which k0 ≤ kn for
all n ∈ N.
In this paper we develop the methodology of decoupling the system (3), which is based on the semigroup theory (see
Pazy [14]). This approach transfers some techniques from the ordinary differential equations to the partial differential
equations. We recall some basic facts from this method. Let us consider the following abstract evolution problem
∂tu+Bu = f , t > 0,
with the initial datum u(0) = u0. We assume thatB is a sectorial operator (see Henry [15]). Using the variation of constants
formula, the solution can be symbolically written as
u(t) = e−Btu0 +
∫ t
0
e−B(t−s)f (s) ds.
The symbol e−Bt for t > 0 describes the semigroup of bounded linear operators. For the time derivative we have
∂te−Bt = −Be−Bt .
First, we consider the situation with distinct reaction rates.
Theorem 1 (Different Reaction Rates). Let n ∈ N and t > 0. Assume that all ki, i ∈ N are mutually different. Then
cn(t) =
n∑
i=1
(
n−1∏
j=i
yjkj
)
n∑
j=i
e−(L+kj)tci(0)
n∏
l=i
l6=j
(kl − kj)
(4)
is the solution1 of (3).
1 Here we use the following convention: The empty sum is equal to 0. The empty product is equal to 1.
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Proof. We employ the mathematical induction via n for the proof. If n = 1 then formula (4) reads as
c1(t) = e−(L+k1)tc1(0).
Using the differentiation in time, one can easily verify that c1 solves the first equation from (3). Now, we assume that (4) is
valid for n− 1. We will show that cn defined by (4) will be a solution of (3).
The differentiation with respect to the time variable t in (4) gives
∂tcn(t) =
n∑
i=1
(
n−1∏
j=i
yjkj
)
n∑
j=i
−(L+ kj)e−(L+kj)tci(0)
n∏
l=i
l6=j
(kl − kj)
.
Now, we successively deduce
∂tcn(t)+ (L+ kn)cn(t) =
n∑
i=1
(
n−1∏
j=i
yjkj
)
n∑
j=i
(kn − kj)e−(L+kj)tci(0)
n∏
l=i
l6=j
(kl − kj)
=
n∑
i=1
(
n−1∏
j=i
yjkj
)
n−1∑
j=i
(kn − kj)e−(L+kj)tci(0)
n∏
l=i
l6=j
(kl − kj)
=
n∑
i=1
(
n−1∏
j=i
yjkj
)
n−1∑
j=i
e−(L+kj)tci(0)
n−1∏
l=i
l6=j
(kl − kj)
=
n−1∑
i=1
(
n−1∏
j=i
yjkj
)
n−1∑
j=i
e−(L+kj)tci(0)
n−1∏
l=i
l6=j
(kl − kj)
= yn=1kn−1
n−1∑
i=1
(
n−2∏
j=i
yjkj
)
n−1∑
j=i
e−(L+kj)tci(0)
n−1∏
l=i
l6=j
(kl − kj)
= yn=1kn−1cn−1(t). 
Theorem 1 gives an explicit formula for the nth reactant of the coupled multi-species reaction network (3). This can be
obtained by a linear combination of solutions to separate homogeneous problems2
∂tw + (L+ kj)w = 0 t > 0
w(0) = ci(0) (5)
for i, j = 1, . . . , n. Let us note that (5) describes the action of the jth semigroup on the initial datum of the ith reactant and
we can formally writew(t) = e−(L+kj)tci(0).
A closed form for exact solution to a similar system of reductive dehalogenation but without dispersion and advection
was derived in Bateman [16]. Our formula (4) has of an analogous shape but we take into account both dispersion and
advection.
The exact formula (4) consists of a linear combination of fractions. If kl = kj for some l and j, then the denominator is
equal to 0. But also in such a case relation (4) can be used as a limit case and the value of cn(t) remains finite. The main idea
is based on suitable rearranging all summation terms in (4) based on the following lemma, see also [17].
Lemma 1. Let n, i ∈ N, where n ≥ 2, 1 ≤ i ≤ n. If all ki (1 ≤ i ≤ n) are mutually different then
n∑
j=i
1
n∏
l=i
l6=j
(kl − kj)
= 0.
2 With corresponding BCs – also nonhomogeneous! This is due to the fact that the PDE from (5) does not contain any right-hand side and the whole
system (3) is linear. Therefore the principle of linear superposition can be applied.
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Proof. The proof is based on the Lagrange interpolating polynomial P(x) of the function
f (x) = xn∏
s=i
ks
,
that passes through the points (0, 0) and (kj, f (kj)), j = i, . . . , n. Clearly, P is given as
P(x) =
n∑
j=i
f (kj)
n∏
l=i
l6=j
kl − x
kl − kj .
Putting x = 0 we obtain
0 =
n∑
j=i
kj
n∏
s=i
ks
n∏
l=i
l6=j
kl
(kl − kj) =
n∑
j=i
1
n∏
l=i
l6=j
(kl − kj)
. 
Now, we are in a position to prove the main result.
Theorem 2. Let n ∈ N and t > 0. Assume that all ki, i ∈ N are mutually different and 1 ≤ m ≤ n. Then
lim
kn+1→km
cn+1(t) = e−(L+km)tcn+1(0)+
n∑
j=1
(
n∏
l=j
ylkl
)
×
−∂ke
−(L+km)tcj(0)
n∏
l=j
l6=m
(kl − km)
+
n∑
r=j
r 6=m
1
n∏
l=j
l6=r
(kl − kr)
e−(L+km)tcj(0)− e−(L+km)tcj(0)
km − kr
 (6)
is the solution of (3).
Proof. Using Theorem 1 we may write
cn+1(t) =
n+1∑
j=1
(
n∏
l=j
ylkl
)
n+1∑
r=j
e−(L+kr )tcj(0)
n+1∏
l=j
l6=r
(kl − kr)
= e−(L+kn+1)tcn+1(0)+
n∑
j=1
(
n∏
l=j
ylkl
)
n+1∑
r=j
e−(L+kr )tcj(0)
n+1∏
l=j
l6=r
(kl − kr)
. (7)
The last sum can be reorganized in a different way. First we separate the last term and then we rewrite it using Lemma 1 as
follows
n+1∑
r=j
e−(L+kr )tcj(0)
n+1∏
l=j
l6=r
(kl − kr)
= e
−(L+kn+1)tcj(0)
n+1∏
l=j
l6=n+1
(kl − kn+1)
+
n∑
r=j
e−(L+kr )tcj(0)
n+1∏
l=j
l6=r
(kl − kr)
= −
n∑
r=j
e−(L+kn+1)tcj(0)
n+1∏
l=j
l6=r
(kl − kr)
+
n∑
r=j
e−(L+kr )tcj(0)
n+1∏
l=j
l6=r
(kl − kr)
=
n∑
r=j
e−(L+kr )tcj(0)− e−(L+kn+1)tcj(0)
n+1∏
l=j
l6=r
(kl − kr)
. (8)
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Now, we return back to (7) and involving (8) we get
cn+1(t) = e−(L+kn+1)tcn+1(0)+
n∑
j=1
(
n∏
l=j
ylkl
)
n∑
r=j
e−(L+kr )tcj(0)− e−(L+kn+1)tcj(0)
n+1∏
l=j
l6=r
(kl − kr)
= e−(L+kn+1)tcn+1(0)+
n∑
j=1
(
n∏
l=j
ylkl
)
×

e−(L+km)tcj(0)− e−(L+kn+1)tcj(0)
n+1∏
l=j
l6=m
(kl − km)
+
n∑
r=j
r 6=m
e−(L+kr )tcj(0)− e−(L+kn+1)tcj(0)
n+1∏
l=j
l6=r
(kl − kr)
 . (9)
We can pass to the limit for kn+1 → km to obtain
lim
kn+1→km
cn+1(t) = e−(L+km)tcn+1(0)+
n∑
j=1
(
n∏
l=j
ylkl
)
×
−∂ke
−(L+km)tcj(0)
n∏
l=j
l6=m
(kl − km)
+
n∑
r=j
r 6=m
1
n∏
l=j
l6=r
(kl − kr)
e−(L+km)tcj(0)− e−(L+km)tcj(0)
km − kr
 . 
In virtue of Theorem 2 we see that the exact formula (4) is also valid for a reaction network with general reaction rates
(not necessarily different).
Remark 1. Theorem 2 can also be proved in a different way, namely:
The cn+1 solves the equation
∂tcn+1 + (L+ kn)cn+1 = ynkncn.
Using the variation of constants formula and (4) we successively deduce
cn+1(t) = e−(L+kn+1)tcn+1(0)+
∫ t
0
e−(L+kn+1)(t−s)ynkncn(s) ds
= e−(L+kn+1)tcn+1(0)+
∫ t
0
e−(L+kn+1)(t−s)ynkn
n∑
i=1
(
n−1∏
j=i
yjkj
)
n∑
j=i
e−(L+kj)sci(0)
n∏
l=i
l6=j
(kl − kj)
ds
= e−(L+kn+1)tcn+1(0)+
n∑
i=1
(
n∏
j=i
yjkj
)
n∑
j=i
1
n∏
l=i
l6=j
(kl − kj)
∫ t
0
e−(L+kn+1)(t−s)e−(L+kj)sci(0) ds
= e−(L+kn+1)tcn+1(0)+
n∑
i=1
(
n∏
j=i
yjkj
)
n∑
j=i
1
n∏
l=i
l6=j
(kl − kj)
e−(L+kj)tci(0)− e−(L+kn+1)tci(0)
kn+1 − kj .
Passing to the limit for kn+1 → km and we get the desired result.
3. Representation of a semigroup
The interpretation of a semigroup e−(L+k)t depends in fact on the operatorL+ k itself and on the choice of the boundary
conditions for the differential operatorL. In this section we present some simple examples.
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Example 1. Let us denote b > 0, B = −b ∂2
∂x2
. We consider the following one-dimensional problem
∂tu+Bu = 0, t > 0, 0 < x < L
along with the homogeneous BCs
u(t, 0) = u(t, L) = 0.
The spectrum σ (B) consists of the eigenvalues λn = bpi2n2L2 for n ∈ Nwith the corresponding eigenfunctions
φn(x) =
√
2
L
sin
(npix
L
)
.
We recall that the eigenfunctions are orthogonal, i.e.,
(φn, φm)=
∫ L
0
φn(x)φm(x) dx = δnm,
with the Kronecker delta symbol δnm = 1 if n = m and δnm = 0 if n 6= m.
Thus, if the initial datum u0(x) fulfills the homogeneous BCs, then the solution of our problem can be found by separation
of variables and we can write (see Henry [15])
u(t, x) = e−Btu0(x) =
∞∑
n=1
e−λntφn(x) (φn, u0). 
Example 2. We consider the combined advection–dispersion equation in semi-infinite one-dimensional column
∂tu− D∂
2u
∂x2
+ v ∂u
∂x
+ ku = 0.
This transport equation is combined with the following BCs
u(t, 0) = C, u(t,∞) = 0, t ≥ 0
and the vanishing initial datum u(0, x) = 0 for x ≥ 0.
Two analytical solutionsmaybe found in the literature. For the case of conservative solutes (k = 0), the analytical solution
is given by (cf. Ogata and Banks [6] or Delleur [18, 2-32])
u(t, x) = C
2
[
erfc
(
x− vt
2
√
Dt
)
+ exp
(vx
D
)
erfc
(
x+ vt
2
√
Dt
)]
.
The analytical solution for nonconservative solutes (k 6= 0) is presented in [5, p. 630]
u(t, x) = C
2
exp
( vx
2D
)[
exp (−βx) erfc
(
x−√v2 + 4kDt
2
√
Dt
)
+ exp (βx) erfc
(
x+√v2 + 4kDt
2
√
Dt
)]
,
where β =
√
v2
4D2
+ kD .
At the end we recall the definition of the standard function
erfc(x) = 1− erf(x) = 2√
pi
∫ ∞
x
exp(−τ 2) dτ .
Let us note that for simulating continuous point source in an infinite plane with uniform flow in two-dimensional one
can use the Wilson and Miller solution [19] and in three-dimensional one can use the Kim et al. solution [20]. 
4. Computations
Depending on the dimensionality and initial and boundary conditions, several analytical solutions to (5) can be found
in the literature. In this section we present some numerical examples in one-dimensional using the Bear solution — see
Example 2. This generic solution will be used to test the results from Theorems 1 and 2.
Experiment 1. Sun et al. [1] applied the following transformation
ai = ci +
i−1∑
j=1
[
i−1∏
l=j
ylkl
kl − ki
]
cj, i = 2, 3, . . . (10)
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Table 1
System parameters for three-species reaction system.
Dispersion coefficient D 0.18 cm2 h−1
Velocity v 0.2 cm h−1
Decay rate of Species 1 k1 0.05 h−1
Decay rate of Species 2 k2 0.03 h−1
Decay rate of Species 3 k3 0.02 h−1
Fig. 1. Comparison of the newly derived solution (4) with the solution from Sun et al. [1]. Both were applied on the data set from Lunn et al. [2]. The solid
lines represent the solution from (4), and the box, circle and diamond are from the Sun et al. solution.
for uncoupling the sequential system (3) of PDEs that are coupled by first-order reactions. In this way a generic problem
∂tai +Lai + kiai = 0, i = 1, 2. . . . (11)
has to be solved in the transformed domain. However, it is important to note that the initial and boundary conditions should
also be transformed before computing the concentration profiles in the ‘‘a’’ domain. Afterwards, the gained concentrations
can be converted back to the real ‘‘c ’’ domain.
For numerical computationswe have chosen the problem from Lunn et al. [2] with the following parameters (see Table 1)
in a one-dimensional soil column. Initial concentrations of all three species were assumed to be zero. A constant BC with
c1 = 1, c2 = c3 = 0was assumed on the inlet boundary, and a free BCwas assumed at the exit boundary. All yield constants
were set to y1 = y2 = y3 = 1.
The generic problem (11) was solved using the formula from Example 2. For our method we applied relation (4) together
with the Bear representation of the semigroup — see Example 2. The concentration profiles of all species after 400 h are
presented in Fig. 1. The computations show a perfect match between both tested approaches. 
Experiment 2. In this experiment we compare the result from Theorem 2 (using the Bear solution for the representation
of a semigroup) with some numerical calculations in a one-dimensional column. We shall work without any units. We
consider two species c1 and c2 with the identical reaction rates k1 = k2 = 10. Other system parameters are: dispersion
coefficient D = 0.3 and velocity v = 0.2. Initial concentrations of both species were assumed to be zero. A constant BC with
c1 = 1, c2 = 0 was assumed on the inlet boundary, and a free BC was assumed at the exit boundary. All yield constants
were set to y1 = y2 = 1.
We computed an approximate solution at the time point T = 1 on the space interval [0, L] with L = 3. We used finite
elements combined with the method of characteristics for computations with ∆x = 10−3 and ∆t = 1150 . The comparison
of the approximate solution with relation (6) is depicted in Fig. 2. Here, we can see a perfect agreement between numerical
computations and the exact solution formula (6). 
5. Conclusions
We have derived analytical formulas for solution of a multi-species reaction–dispersion–advection system coupled
by first-order kinetics. These can be used in many applications, e.g., for complex problems during the biodegradation of
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Fig. 2. Comparison of the newly derived solution (6) for identical reaction rates with the numerical computations. The solid lines represent the solution
from (6), and the boxes and circles denote the computed approximation of the species c1, c2 respectively.
chlorinated solvents. Relation (4) is applicable for cases with distinct reaction rates. This formula was compared with the
widely recognized solution from Sun et al. [1]. The advantage of our formulation is that we do not need the auxiliary
transformation of the original problem from ‘‘c ’’ to ‘‘a’’ domain (see Experiment 1). Moreover, the formulation in the ‘‘c ’’
domain enables also the derivation of the exact formula (6) in the case when some of the reaction coefficients are the same.
This result is original and it has been tested against a numerical solution.
The solution developed in this paper can be easily implemented and used as a screen tool for modelling of various
transport problems during the biodegradation of chlorinated solvents. The formulas are applicable in all dimensions. Our
conceptual model is limited to identical retardation factors.
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